The concept of frequency transfer function plays a fundamental role in characterizing a linear digital signal processor's dynamical behavior. Invariably, the input number sequence to be operated upon is assumed to have originated through the process of uniformly sampling a continuous-time signal. It is then only natural that most studies related to a linear digital signal processor's transfer function are based upon the uniform sampling model. In a variety of very important applications, however, the number sequence to be processed i s generated by a nonuniform sampling scheme. For example, in radar signal processing, stagger sampling is often used in order to reduce the effects of the so-called "blind ve1ocity"phenomenon (e.g., see refs.
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With this in mind, it would be desirable toexplore the possibility of developing a general transfer function concept which would be applicable to nonuniformly sampled signals. In the next section, this development will be carried out. This in turn will be followed by a Fourier analysis which will yield useful insights into the underlying operations. In particular, it will be shown that the utilization of simple stagger sampling imposes rather restrictive constraints on the linear processor's frequency response characteristics. These concepts will be illustrated by means of a high pass filter synthesis.
I. General Transfer Function
We shall here concern ourselves with extending the concept of frequency transfer function to those situations in which a linear digital signal processor is to operate on nonuniformly sampled signals. In particular, the output signal at the "observation time" tn is related to the nonuniformly sampled input signal according to the following general convolution summation It is well-known that in the case of uniform sampling, the dynamical characteristics of digital signal processor (1) are completely specified by the processor's associated transfer function. A similar characterization is possible when nonuniform sampling is employed. is readily shown by determining the response of operator (1) to the standard complex exponential input signal This where the constants A, U, and 0 denote this signal's amplitude, radian frequency, and, phase angle parameters, respectively. Inserting this input signal into operator relationship (1) then yields the corresponding response at observation time t , , that is In order to put this input-output relationship into the standard transfer function format, a simple manipulation of the right side of this response expression gives
in which the sequence {tk} denotes the time instants at which the continuous-time signal is sampled to generate the input sequence {x(tn-k)} used in this operator relationship.1 The sequence {hk} is the unit-impulse response which characterizes this linear operator and A specifies the integer indexing set over which the weighting sequence is defined. ifying A, it i s possible to constrain operator (1) to be causal, anti causal, or noncausal, and to posses a finite or infinite memory. For example, a causal-infinite memory filter would correspond to the index set A = {0,1,2,3, ... }. representation in order to avoid having to treat the many possible special cases separately. In what is to follow, the unit-impulse response sequence {hk) will be assumed not to depend on the observation time tn thereby yielding a time-invariant processor. It will be apparent, however, that the analysis to follow will By appropriately specIt is desirable to use this general IIt is noted that in the case of uniform sampling, the sampling instants are specified by tk = kT where T denotes the sampling period.
Thus, the effect of applying the complex exponential signal (2) to the configuration shown in Figure 1 is that of changing the sampled input signal by the "gain factor"
The multiplicative term Htn(w) s h a l l hereafter b e refered to a5 t h e "transfer function" which corresponds to linear operator (11. only of t h e complex e x p o n e n t i a l i n p u t s i g n a l ' s r a d i a n frequency and n o t of i t s amplitude and phase. Second, t h e t r a n s f e r f u n c t i o n i s s e e n t o b e g e n e r a l l y dependent on t h e o b s e r v a t i o n time t n . T h i s is t o b e c o n t r a s t e d w i t h t h e s p e c i a l c a s e of uniform sampling i n which t h e t r a n s f e r f u n c t i o n i s independent of t h e o b s e r v a t i o n t i m e .
The manner i n which t h e t r a n s f e r f u n c t i o n v a r i e s a s a f u n c t i o n of o b s e r v a t i o n t i m e w i l l be dependent on t h e p a r t i c u l a r nonuniform sampling scheme employed. A s p e c i f i c sampling scheme t o b e p r e s e n t e d i n S e c t i o n I i I w i l l i l l u s t r a t e t h i s dependency.
I1 S y n t h e s i s of Optimum L i n e a r F i l t e r I n t h i s s e c t i o n , w e s h a l l be concerned w i t h dev e l o p i n g a s y s t e m a t i c procedure f o r s e l e c t i n g t h e weighting sequence, {hk}, a given sampling time scheme { t k l s o t h a t i t s c o r r e sponding t r a n s f e r f u n c t i o n b e s t approximates some d e s i r e d o b j e c t i v e Hd(u). The c r i t e r i o n f o r comparing how w e l l Htn(w) approximates Hd(w) w i l l be t h e s t a n d a r d i n t e g r a l squared e r r o r c r i t e r i o n as given by of l i n e a r o p e r a t o r (1) f o r 
h a r a c t e r i z e l i n e a r o p e r a t o r ( 1 ) so t h a t t h e squared e r r o r c r i t e r i o n (5) i s minimized. t h e hk elements i s given by

A n e c e s s a r y c o n d i t i o n f o r an optimum s e l e c t i o n of where t h e c a e f f i c i e n t s a,& and bm are given by t h e i nt e g r a l r e l a t i o n s h i p s and n
The r e q u i r e d optimum f i l t e r weighting sequence elements {hk} are t h e n obtained by s o l v i n g t h e system of l i n e a r e q u a t i o n s (9)where t h e number of e q u a t i o n s and unknowns are e q u a l t o t h e number of i n t e g e r s i n t h e indexing set A. I n g e n e r a l , t h e c o e f f i c i e n t s a, , , k and bm w i l l be dependent on o b s e r v a t i o n time tn thereby i n d i c a t i n g t h a t t h e {hk} sequence i s a c t u a l l y a f u n c t i o n of o b s e r v a t i o n t i m e t,.
To s o c a l l o u t t h i s most r e l e v a n t o b s e r v a t i o n , w e s h a l l rewrite r e l a t i o n s h i p (9) as
where t h e c o e f f i c i e n t s +k (t,) and bm (t,) are given by i n t e g r a l r e l a t i o n s h i p s (10) and (U), r e s p e c i t v e l y .
In summary, f o r a g i v e n sampling scheme { t k ) , weighting f u n c t i o n W(o), and, d e s i r e d t r a n s f e r f u n c t i o n Hd(U), an optimum f i l t e r as implemented by r e l a t i o n s h i p (1) i s obtained by s o l v i n g t h e system o f -l i n e a r e q u a t i o n s (12) f o r t h e { h k ( t n ) } elements. Since t h e s e weighting sequence elements are g e n e r a l l y a f u n c t i o n of t h e obs e r v a t i o n t i m e t,, t h e r e s u l t i n g f i l t e r w i l l b e timev a r y i n g i n n a t u r e . It should b e noted t h a t i n t h e s p e c i a l c a s e of uniform sampling ( i . e . , t k = kT), t h e c o e f f i c i e n t s a& and bm as g i v e n by r e l a t i o n s h i p s (10) and (11) are independent of t h e o b s e r v a t i o n t i m e s o t h a t t h e r e s u l t a n t optimum f i l t e r w i l l b e t i m e -i n v a r i a n t . This i s a well-known r e s u l t from contemporary s i g n a l p r o c e s s i n g theory.
In t h e remaining s e c t i o n s , t h e above concepts w i l l b e a p p l i e d t o a s p e c i f i c sampling scheme s o as t o i l l u s t r a t e t h e a n a l y s i s and s y n t h e s i s procedures t y p i c a l l y followed.
(7)
Upon s u b s t i t u t i o n of t r a n s f e r f u n c t i o n r e l a t i o n s h i p ( 4 ) i n t o c r i t e r i o n (51, i t i s found t h a t t h e s e n e c e s s a r y c o n d i t i o n s become 111 Simple Stagger Sampling A p a r t i c u l a r form of nonuniform sampling which has been i n c o r p o r a t e d i n many p r a c t i c a l a p p l i c a t i o n s (e.g., Doppler r a d a r p r o c e s s i n g ) i s t h a t of simple s t a g g e r sampling. I n s t a g g e r sampling, t h e sampling i n s t a n t s are s p e c i f i e d by where Re[ ] and Im[ ] denote t h e r e a l and imaginary p a r t s of t h e i r argument, r e s p e c t i v e l y .
I n o r d e r f o r each of t h e s e e x p r e s s i o n s t o be s i m u l t a n e o u s l y satisf i e d , i t i s clear t h a t an optimum s e l e c t i o n f o r t h e t r a n s f e r f u n c t i o n Ht,(u) i s given by n n f o r a l l meA.
To o b t a i n an optimum s e t of f i l t e r weighting sequence elements, one next s u b s t i t u t e s t h e e x p r e s s i o n f o r t h e f i l t e r t r a n s f e r f u n c t i o n ( 4 ) i n t o n e c e s s a r y 
h e t r a n s f e r f u n c t i o n ( 4 ) f o r t h i s form of sampling, i t w i l l b e n e c e s s a r y t o determine t h e behavior of tn -tn-k as a f u n c t i o n of t h e i n t e g e r v a r i a b l e s n and k. Table 1 l i s t s t h e poss i b l e v a l u e s of t h i s t i m e d i f f e r e n c e whereby a l l comb i n a t i o n s of t h e eveness o r oddness of n and k are t a k e n i n t o account. The r e q u i r e d closed-form e x p r e s s i o n f o r t h e t r a n sf e r f u n c t i o n i s obtained by f i r s t decomposing t h e summation index set 4 i n t o t h e union of two d i s j o i n t sets c o n s i s t i n g of i t s c o n s t i t u e n t even i n t e g e r s , A,, and i t s odd i n t e g e r s 4,.
Thus, w e may e x p r e s s t h e f i l t e r t r a n s f e r f u n c t i o n (4) as ( i . e . , A = 4e U Ao).
Next, t h e e n t r i e s of Table 1 
v e a l s t h a t t h e t r a n sf e r f u n c t i o n depends o n l y on t h e p a r i t y of t h e observ a t i o n t i m e index n. ( i . e . , on whether n i s even o r odd) and n o t on t h e s p e c i f i c o b s e r v a t i o n t i m e t,. Moreover, t h e behavior of Htn(w) i s s e e n t o depend exp l i c i t l y on t h e o f f s e t parameter E . With t h e s e thoughts i n mind, w e s h a l l denote t h e t r a n s f e r f u n c t i o n which corresponds t o l i n e a r o p e r a t o r (1) when t h e simple s t a g g e r sampling scheme (13) i s used as
An examination
The e n t i t y H n ( u ,~) i s s e e n t o be an i n f i n i t e l y d i f f e r e n t i a b l e f u n c t i o n of t h e o f f s e t parameter v a r i a b l e E .
A s such, a s E i s i n c r e a s e d ( o r decreased) from z e r o , t h e behavior of H n ( w ,~) v e r s u s w w i l l change i n a smooth manner. Thus, one should n o t a n t i c i p a t e OT and @ E must be each i n t e g e r m u l t i p l e s of 2a as s p e c i f i e d by @T = 2~rp and @ E = 2aq.
" d r a s t i c " changes i n t h e f i l t e r ' s (1) frequency response behavior when s t a g g e r sampling i s u t i l i z e d ins t e a d of uniform sampling ( i . e . , PO). I n what i s t o f o l l o w , w e s h a l l c h a r a c t e r i z e t h e f u n c t i o n a l behavior of H n ( w ,~) . I V P e r i o d i c i t y of H,(w,E) I n t h e c a s e of uniform sampling (E=O), i t i s w e l l known t h a t t h e t r a n s f e r f u n c t i o n Hn(w,O) i s a p e r i o d i c f u n c t i o n of w w i t h p e r i o d 2i~/T. With t h e i n t r o d u c t i o n of s t a g g e r sampling, i t w i l l now be shown t h a t t h i s p e r i o d i c b e h a v i o r i s e f f e c t i v e l y maintained. However, t h e new p e r i o d now becomes e q u a l t o an i n t e g e r mult i p l e , p, of t h e unstaggered p e r i o d 2a/T. The i n t e g e r m u l t i p l e p is found t o b e e x p l i c i t l y dependent on t h e o f f s e t parameter E . This i s r e a d i l y shown by f i r s t n o t i n g t h a t t h e f u n c t i o n H n ( u ,~) h a s a period of @ w i t h r e s p e c t t o
'This assumes t h a t a t least one of t h e odd terms i n sequence {hk} which c o n s t i t u t e t h e f i l t e r ' s u n i timpulse response i s nonzero. I n o r d e r f o r t h e s e i d e n t i t i e s t o b e v a l i d , i t i s clear t h a t t h e product terms
Thus, t h e f o l l o w i n g p e r i o d i c i t y theorem h a s been e s t a bl i s h e d
Theorem 1: The simple s t a g g e r t r a n s f e r f u n c t i o n H n ( w ,~) a s given by r e l a t i o n - where and q a r e i n t e g e r s i n which l q l < PPI. I n such c a s e s , t h e funda- i s a continuous f u n c t i o n of E , i t f o l l o w s t h a t no r e a l l o s s i n g e n e r a l a n a l y s i s i s s u s t a i n e d by r e s t r i c t i n g E t o be a r a t i o n a l m u l t i p l e of T.
Although r e l a t i o n s h i p (20) i m p l i e s t h a t a p e r i o d i c t r a n s f e r f u n c t i o n w i l l r e s u l t o n l y i f t h e o f f s e t parameter E i s a r a t i o n a l m u l t i p l e of t h e nominal
V.
F o u r i e r A n a l y s i s of H ( U , & ) I f t h e o f f s e t sampling parameter E i s r e s t r i c t e d t o b e a r a t i o n a l m u l t i p l e of T as given by qT/p, i t w a s e s t a b l i s h e d i n t h e preceding s e c t i o n t h a t t h e f i l t e r t r a n s f e r f u n c t i o n H ( @ , € ) i s a p e r i o d i c f u n c t i o n of w w i t h p e r i o d 2ap/T. "It t h e r e f o r e f o l l o w s t h a t H ( w , E )
has a F o u r i e r series r e p r e s e n t a t i o n which w i l l Re of -% On t h e o t h e r hand, i t h a s a l s o been found t h a t t h e frequency t r a n s f e r f u n c t i o n f o r t h e simple s t a g g e r samp l i n g scheme i s g i v e n by r e l a t i o n s h i p ( 1 7 ) w i t h ~= q T / p .
A simple m a n i p u l a t i o n of t h i s r e l a t i o n s h i p i s found t o y i e l d
A comparison of t h e e q u i v a l e n t r e p r e s e n t a t i o n s of t h e f i l t e r t r a n s f e r f u n c t i o n as g i v e n by e x p r e s s i o n s (21) and (23) i n d i c a t e a simple r e l a t i o n s h i p e x i s t s between t h e f i l t e r ' s u n i t impulse response elements hk and t h e F o u r i e r c o e f f i c i e n t s a k corresponding t o Hn(w,qT/p), t h a t i s Uk = 0 o t h e r w i s e
It is a p p a r e n t t h a t t h e simple s t a g g e r sample scheme " c o n s t r a i n s " t h e F o u r i e r c o e f f i e n t s of Hn(w,qT/p) t o b e z e r o i n a t l e a s t p-2 o u t of every p c o n s e c u t i v e indexed v a l u e s f o r k. t h e t r a n s f e r f u n c t i o n Hn(w,qT/p) can match any i d e a l o b j e c t i v e t r a n s f e r f u n c t i o n which h a s b a s i c period 2~rp/T. Namely, i f t h e i d e a l o b j e c t i v e f i l t e r i s of t h e s t a n d a r d v a r i e t y (e.g., h i g h p a s s f i l t e r ) , i t i s w e l l known t h a t i t s a s s o c i a t e d F o u r i e r r e p r e s e n t a t i o n w i l l b e c h a r a c t e r i z e d by F o u r i e r c o e f f i c i e n t s which are g e n e r a l l y non zero. Since many of Hn(w,qT/p) F o u r i e r c o e f f i c i e n t s are zero, i t i s a p p a r e n t t h a t t h e frequency t r a n s f e r f u n c t i o n Hn(w,qT/p) w i l l g e n e r a l l y g i v e o n l y a v e r y crude approximation t o a n i d e a l o b j e c t i v e i f p i s moderately l a r g e .
This s e v e r l y l i m i t s t h e q u a l i t y t o which V I Numerical Example
To demonstrate t h e a p p l i c a b i l i t y of t h e concepts j u s t p r e s e n t e d , w e s h a l l c o n s i d e r t h e t a s k of d e s i g n i n g a high-pass f i l t e r whose s t r u c t u r e is s p e c i f i e d by where t h e indexing s e t i s given by A = {0,1,2,. ..,NI i n which N i s a p o s i t i v e i n t e g e r parameter.
One obvious u s e of t h i s f i l t e r would b e i n implementing a Moving Target I n d i c a t o r (M.T.I.) i n which "low frequency c l u t t e r " i s t o be r e j e c t e d and t h e u s e f u l Doppler information t r a n s m i t t e d . I f uniform sampling w i t h p e r i o d T seconds i s used, t h e r e s u l t a n t high-pass f i l t e r w i l l e x h i b i t notches every 2a/T r a d i a n s t h e r e b y c r e a t i n g soc a l l e d "blind speeds". These d i f f i c u l t i e s are o f t e n a l l e v i a t e d b y i n c o r p o r a t i n g a form of s t a g g e r sampling w i t h e=T/p (e.g., see r e f s . [ l ] - [ 5 ] ) which h a s t h e e f f e c t of removing t h e undesired notches.
I n what i s t o f o l l o w , w e s h a l l u s e t h e simple s t a g g e r sampling scheme suggested i n e x p r e s s i o n (13).
Our o b j e c t i v e w i l l b e t o t h e n s e l e c t t h e u n i t weighting sequence elements of o p e r a t o r (25) so t h a t i t s t r a n s f e r f u n c t i o n b e s t matches t h e i d e a l o b j e c t i v e shown i n F i g u r e 2 over t h e frequency interval set Q = {w: / U / 5 p~r/T}. Upon examining t h i s frequency response, one observes t h a t t h e r e l a t i v e w i d t h of t h e n o t c h t o b e approximated i s 2wC/p2r/T = wcT/p.rr. t y p i c a l s e l e c t i o n s of t h e parameters wc, T , and p, t h i s r e l a t i v e width can b e exceedingly small (e.g., less t h a n 0.01).
I n o r d e r t o e n s u r e t h a t t h e r e s u l t a n t h i g h pass f i l t e r w i l l e x h i b i t a s i g n i f i c a n t low f r equency n o t c h , i t has been found n e c e s s a r y t o s e l e c t t h e weighting f u n c t i o n as f o l l o w s 
i n which A > > 1 and w l ) w c .
I n s e l e c t i n g A l a r g e p o s i t i v e (e.g., A=106), w e emphasize t h e n o t c h i n o u r approximation and t h i s i s most e s s e n t i a l s i n c e t h i s n o t c h t y p i c a l l y c o n s t i t u t e s such a s m a l l p o r t i o n of t h e frequency range of i n t e r e s t ( i . e . , I w I 5 ~T / T ) . A r e l a t i v e l y small v a l u e of A would r e s u l t i n a f i l t e r t h a t t r a n s m i t s "a1l"frequencies w i t h g a i n one, a most u n d e s i r a b l e r e s u l t . Upon i n s e r t i n g t h e above i n f o r m a t i o n i n t o r e l a t i o ns h i p (lo), i t i s found t h a t t h e m a t r i x parameters c h a r a c t e r i z i n g t h e optimum f i l t e r are given by 
m=O Solving t h e l i n e a r system of (N+1) e q u a t i o n s i n (N+1) unknowns as s p e c i f i e d i n r e l a t i o n s h i p (12) t h e n y i e l d s t h e "optimal" approximation t o t h e i d e a l high-pass f i l t e r . S e l e c t i o n of t h e parameters N, A, wl , wc, p, and T w i l l obviously i n f l u e n c e t h e v a l u e s t a k e n on by t h e elements a,& and h, and t h e r e f o r e u l t i m a t e l y by t h e optimum hk. To a c h i e v e a good approximation of t h e Hd(W) d e p i c t e d i n Figure 2 , t h e s e parameters must b e j u d i c i o u s l y choosen and t h i s o f t e n e n t a i l s experiment a t i o n .
To demonstrate t h e r e s u l t s of t h i s approach, l e t u s c o n s i d e r t h e s p e c i f i c c a s e i n which t h e s e parameters are t a k e n t o b e
The p l o t of IH3(w)I i n db v e r s u s w f o r t h i s simple s t a g g e r sample scheme is shown i n F i g u r e 3. A s might b e expected, t h e frequency approximation i s somewhat crude due t o t h e small v a l u e of N ( t h e f i l t e r memory).
If one were t o i n c r e a s e N t o 9, b u t , r e t a i n t h e o t h e r parameter v a l u e s , t h e r e s u l t a n t f i l t e r t r a n sf e r f u n c t i o n would b e as shown i n F i g u r e 4 . A comp a r i s o n of F i g u r e s 3 and 4 w i l l i n d i c a t e a marginal improvement h a s been o b t a i n e d . It should b e h e r e noted t h a t no attempt a t o p t i m a l l y s e l e c t i n g weighting func t i o n W(w) w a s made i n o r d e r t o g e t a b e t t e r match t o t h e i d e a l o b j e c t i v e . T h i s example was only used t o i l l u s t r a t e t h e procedures t o h e followed and n o t t o p r e s e n t a n optimum d e s i g n .
V I 1 1 Conclusion
A s y s t e m a t i c method f o r a n a l y z i n g t h e t r a n s f e r f u n c t i o n c h a r a c t e r i s t i c s of l i n e a r d i s c r e t e -t i m e opera t o r s s u b j e c t e d t o nonuniformly sampled s i g n a l s h a s been p r e s e n t e d . F o u r i e r a n a l y s i s h a s played a c e n t r a l r o l e i n t h i s s t u d y and t h e p o s s i b i l i t y of s y n t h e s i z i n g "optimum" l i n e a r o p e r a t o r s h a s been demonstrated. 
